Einstein-Dirac equations for two spinor fields are considered. It is shown that in this case one can obtain self-consistent equations set for these gravitating spinors. The key idea to obtain EinsteinDirac equations is to use special ansätze for spinor fields in order to zero some off-diagonal componentes of the spinor energy -momentum tensor.
I. INTRODUCTION
Self-consistent solutions of Einstein-Dirac equations are a terra incognita in general relativity. The problem in the construction of such solutions in general relativity with a spinor field is that the spinor field has a spin that leads to off-diagonal components of the energy-momentum tensor and consequently to an off-diagonal metric. Note that the solutions for a spinor field propagating on a curved background are known (for details, see Ref. [1] ). The cosmological solutions with a spinor field are known as well, see Refs. [3] - [10] .
Here we will consider cylindrically symmetric solution in Einstein-Dirac gravity with two noninteracting Weyl spinor fields. We use two spinor fields because in this case one can choose two spinor ansätze in such a way that the offdiagonal components of energy-momentum tensor from every spinor field have the opposite sign and consequently will annihilate each other.
II. EINSTEIN-DIRAC EQUATIONS
Our main goal is to find cylindrically symmetric solution for Einstein-Dirac equations
where R µν is the Ricci tensor; R is the scalar curvature; g µν is the metric; µ, ν = 0, 1, 2, 3; T µν = (T P ) µν + (T Q ) µν , (T P,Q ) µν are the energy-momentum for the Weyl spinors P and Q; σ are complex conjugated spinors; the Levi-Civita symbols
are the metrics in the spinor space for lowering and raising the spinor indices; m is the mass. The sign (−) in the front of RHS of Eq. (2) is chosen as in Ref. [1] but it is necessary to check this sign.
We will use Newman-Penrose formalism for the spinor analysis (for details, see Appendix A). We will consider the simplest case m = 0 that leads to: (a) equations for every spinor field P and Q will be separated; (b) one can choose ansätze for both spinor fields in such a way that some off-diagonal components of the energy-momentum tensor will be zero; (c) equations for every spinor field P and Q will be the same and (d) consequently the spinors P and Q will be the same. * Electronic address: vdzhunus@krsu.edu.kg
We seek the solution in the following form: the metric
the spinors
Later we will see that a specific choice of q 1,2 allows us to kill some off-diagonal components of the spinor energymomentum.
The null vectors that are necessary to the calculations of R µν , R, σ µ (a)(b ′ ) and so on are (for details, see Appendix A)
The LHS's of Einstein equations (1) are
where
The energy-momentum tensor can be found using (A12) and (A25) and it has following nonzero off-diagonal components of the energy-momentum for the P spinor: (T P ) 02 , (T P ) 03 , (T P ) 23 = 0. The same for the Q spinor: (T Q ) 02 , (T Q ) 03 , (T Q ) 23 = 0. The key idea is that if we choose
and nonzero components are following
Consequently we have following energy-momentum for two spinor fields
Finally Dirac equations (2) (3) have the form 
The metrics ǫ AB , ǫ A ′ B ′ and ǫ AB , ǫ
′ are used for lowering and raising spinor indices
At each point of the spacetime one can set up an orthonormal dyad basis ζ
for spinors. One can raise and lower dyad indices by
We can project any spinor ξ A on the dyad basis If we introduce null vectors (isotropic tetrad) l µ , n µ , m µ ,m µ then we can define the Pauli matrixes in the dyad representation in a curve spacetime
The Pauli matrices gives us the one-to-one correspondence between 4-vectors X µ and spinor of rank two X
The covariant derivative of a spinor field ξ a is defined as
where (· · · ) is the complex conjugation. According to (A12) one can introduce the covariant derivative
One can introduce the spin coefficients with spinor indices only
The spin coefficients have following symmetry properties
The spin coefficients can be calculated as follows
In the Newman-Penrose formalism, these coefficients are assigned special symbols which are listed in the Table I . These definitions of the spin coefficients are in agreement with those defined in terms of the Ricci-rotations coefficients γābc.
In order to define the Ricci-rotations coefficients γ µνρ we introduce the tetrad e 
The spin coefficients are κ = γ311, ρ = γ314, ε = 1 2 (γ211 + γ341) ,
ν = γ242, π = γ241, β = 1 2 (γ213 + γ343) .
The Riman tensor is 
The spinor energy-momentum for the spinor P (a) is given by
